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.
We prove the existence and uniqueness of global solutions for the Cauchy
problem concerning the evolution equation
u"+A2u+M(&A12u&2H) Au+ g(u$)=0,
suggested by the study of plates and beams, where A is a linear operator in a
Hilbert space H and M and g are real functions. We also study the asymptotic
behaviour of the solutions, under suitable growth assumptions on the nonlinear
term g.  1997 Academic Press
INTRODUCTION
The aim of this paper is to prove the existence and uniqueness of global
solutions for the Cauchy problem for a nonlinear evolution equation in a
Hilbert space. The physical origin of the problem considered here lies in the
study of the dynamical buckling of the hinged extensible beam which is
either stretched or compressed by axial force.
A mathematical model for this problem is the hyperbolic equation
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in which :, ;, L>0, u(x, t) is the deflection of the point x of the beam at
the time t, g is a nondecreasing numerical function, and L is the length of
the beam. The nonlinear friction force g(ut) is the dissipative term.
When g=0, the equation (0.1) reduces to the equation introduced by
WoinowskyKriger [18] as a model for the transverse motion of an exten-
sible beam whose ends are held a fixed distance apart.
The mathematical aspects of equations of type (0.1) were studied, using
different methods, by many authors.
When the dimension of space variables is one, the case g=0 was treated
by Dickey [8] by using Fourier sine series, and also by Bernstein [2] and
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Ball [1] by introducing terms to account for the effects of internal and
external damping.
Equation (0.1) has its analogue in Rn and can be included in a general
mathematical model
u"+A2u+M(&A12u&2H) Au+ g(u$)=0, (0.2)
where A is a linear operator in a Hilbert space H and M and g are real functions.
For g=0, the equation (0.2) was studied by Medeiros [13].
When the damping term is linear, i.e., g(x)=$x, (1.2) was investigated
by Brito [5], Biler [3], and Rivera [16], among others.
Related problems for extensible strings were studied by the author [11],
Tucsnak [17], Brito [4], Yamada [19], Nishihara [14], etc.
In this paper, we prove an existence and uniqueness theorem for solu-
tions of Cauchy problem for the equation (0.2) under a convenient
hypothesis on A, M, and g.
We divided this paper into four parts. In Part 1, the theorems are stated.
In Part 2, existence and uniqueness of a solution is proved. In Part 3,
asymptotic behaviour is established. We give an application in Part 4.
1. STATEMENT OF MAIN RESULTS
Let 0 be a bounded open domain in Rn having a smooth boundary 1
and H=L2(0) with inner product and norm respectively denoted by (. , .)
and | . |. Let A be a linear operator in H, with domain D(A) :=V dense in
H and the graph norm denoted & .&. We assume that the imbedding V/H
is compact. Let g : R  R be a non-decreasing continuous function such that
g(0)=0. Identifying H and H$, it follows that V/H/V$. Assume that A
is self-adjoint and positive, i.e., there is a constant c>0 such that
(Av, v)c |v| 2, for all v in V. Let V$ be the dual of V and let < , > denote
the duality pairing between V$ and V. Define A2 : V  V$ by <A2u, v> =
(Au, Av), for u, v in V. Set W :=D(A2)=[u # VA2u # H].
Let M(s) be a C1 real function. Assume that there exist :, ;>0 such that
M(s):+;s (1.1)
M$(s)0. (1.2)
Let M (t) and E(t) be defined as follows:
M (t)=|
t
0
M(s) ds (1.3)
E(t)= 12[ |u$|
2+|Au| 2+M ( |A12u| 2)]. (1.4)
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Assume that there is positive constants k and q1 such that
| g(x)|k |x|q, if |x|>1. (1.5)
V/Lq+1(0). (1.6)
The existence theorem can now be stated.
Theorem 1.1. Given u0 in W and u1 in V & L2q(0), there is a unique
function u # W 1, (0, T; V) & W 2, (0, T; H) such that for any T>0,
u"+A2u+M( |A12u| 2) Au+ g(u$)=0 in L(q+1)q(0, T; V$) (1.7)
u(0)=u0 , u$(0)=u1 . (1.8)
This theorem improves some earlier results obtained in [5], [13].
Next, we study the energy decay rate under suitable growth assumptions
on g.
Theorem 1.2. Assume that there exist a number p1 and positive con-
stants c1 , c2 , c3 , such that
c1 |x| p| g(x)|c2 |x| 1p, if |x|1 (1.9)
c3 |x|| g(x)|, if |x|>1. (1.10)
Then, for every u0 # W and u1 # V & L2q(0), the solution u of (1.7)(1.8)
satisfies
E(t){c(0)(1+E(0)
( pq&1)q( p&1)) t&2( p&1),
E(0) exp(’) exp(&|t),
if p>1
if p=1
(1.11)
with
’ :=c(0)(1+E(0)(q&1)2q)(1+ln(E(0))). (1.12)
The constants c(0)>0 and |>0 depend only on 0.
Remark. This theorem improves some earlier results obtained by Brito
[5], Biler [3] and Zuazua [20]. Our approach, based on a special integral
inequality, is different and seems to be simpler. Moreover, it allows one to
consider more general growth than of the earlier approach in [20].
Following a method developed in [10], the proof of Theorem 1.2 will be
based on the following elementary estimate.
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Proposition 1.3. Let h : [0, +)  [0, +) be a non-increasing func-
tion and assume that there are two constants &0 and r>0 such that
|

t
h&+1(s) dsrh(t), \t # [0, +).
Then we have
h(t){\
&+1
& +
1&
r1&t&1&,
h(0) exp(1&(tr)),
if &>0
if &=0.
We refer to [9, Theorem 9.1] for the proof of a more precise result.
2. PROOF OF THEOREM 1.1 (EXISTENCE AND UNIQUENESS)
We follow the FaedoGalerkin method as used in [12] for the proof of
Theorem 3.1 in Chapter 1. Since many steps carry over directly to the
present case, we merely indicate these steps. On the other hand, we prove
the possibility of passing to the limit in detail because it is done differently
than before. Let T>0 arbitrarily. Assume, for simplicity, V=D(A)
separable, then there is a sequence (ej) j1 consisting of eigenfunctions of
the operator A corresponding to positive real eigenvalues *j tending to
+. Hence
Ae j=*je j, j1. (2.1)
Let us denote by Wm the linear hull of e1, ..., em. Note that (e j) j is a basis
of H, V and W; i.e., the set e1, .., em, ... is dense in H, V, and W.
Step 1. Approximate solutions. We search for a function
um(t)= :
m
j=1
kjm(t) e j (2.2)
such that, for any v in Wm , um(t) satisfies the approximate equation
(u"m(t)+A2um(t)+M( |A12um | 2) Aum+ g(u$m), v)=0 (2.3)
with the initial conditions
um(0)=u0m= :
m
j=1
(u0 , e j )e j, u0m  u0 in W (2.4)
u$m(0)=u1m= :
m
j=1
(u1 , e j )e j, u1m  u1 in V & L2q(0). (2.5)
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Thanks to the assumption (1.5) we deduce from (2.5) that
( g(u1m)) is bounded in L2(0). (2.6)
For v=e j, j=1, ..., m, the system (2.3)(2.5) of ordinary differential equa-
tions of variable t, has a solution um(t) in an interval [0, tm). In the next
step, we obtain a priori estimates for the solution um(t), so that it can be
extended outside [0, tm), to obtain one solution defined for all t>0.
Step 2. A priori estimate I. For v=2u$m in (2.3), we find
d
dt
( |u$m(t)| 2+|Aum(t)| 2+M ( |A12um | 2))+2( g(u$m(t), u$m(t))=0.
Integrating in [0, t], t<tm , and using (1.4), (2.4), (2.5) we have
|u$m | 2+|Aum | 2+M ( |A12um | 2)+2 |
t
0
( g(u$m(s), u$m(s)) ds2E(0).
Using (1.1), we deduce that
|u$m | 2+|Aum | 2+: |A12um | 2+
;
2
|A12um | 4
+2 |
t
0
( g(u$m(s), u$m(s)) ds2E(0). (2.7)
It follows that um(t) is bounded, hence it can be extended to [0, T ), for any
0<T<+. Therefore estimation (2.7) holds for all t0. Estimation (2.7)
also yields
Aum is bounded in L(0, T; H) (2.8)
u$m g(u$m) is bounded in L1(0_[0, T]). (2.9)
From (1.5) and (2.9), it follows that
g(u$m) is bounded in L(q+1)q(0_[0, T]). (2.10)
Step 3. A priori estimate II. Taking v=u"m(t) in (2.3) and choosing
t=0, we obtain that
|u"m(0)| 2+(u"m(0), g(u1m)+M( |A12u0m | 2) Au0m+A2u0m)=0.
Therefore we have
|u"m(0)||A2u0m |+| g(u1m)|+M( |A12u0m | 2) |Au0m |
|A2u0|+| g(u1m)|+M( |A12u0| 2) |Au0|.
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Using (2.6) we conclude that the right-hand side is bounded. Hence we
have
u"m(0) is bounded in H. (2.11)
In the next step, we obtain the boundedness of u"m and Au$m in L(0, T; H).
Step 4. A priori estimate III. We assume first t<T and apply (2.3) at
points t and t+! with ! such that 0<!<T&t. By taking the difference
and v=u$m(t+!)&u$m(t), we find, since g is non-decreasing:
(u"m(t+!)&u"m(t)+A2um(t+!)&A2um(t), u$m(t+!)&u$m(t))
+(M( |A12um(t+!)| 2) Aum(t+!)
&M( |A12um(t)| 2) Aum(t), u$m(t+!)&u$m(t))0.
Hence we deduce that
{
1
2
d
dt
[ |u$m(t+!)&u$m(t)| 2+|Aum(t+!)&Aum(t)| 2]
(2.12)+M( |A12um(t+!)| 2)(Aum(t+!)&Aum(t), u$m(t+!)&u$m(t))
+[M( |A12um(t+!)| 2)&M( |A12um(t)| 2)]
_(Aum(t), u$m(t+!)&u$m(t))0.
Set
8!m(t)=|u$m(t+!)&u$m(t)| 2+|Aum(t+!)&Aum(t)| 2. (2.13)
Using (2.12) and the fact that, M is C 1, we obtain
1
2
d
dt
8!mM( |A12um(t+!)| 2) &Aum(t+!)&Aum(t)& u$m(t+!)&u$m(t)|
+c | |A12um(t+!)| 2&|A12um(t)| 2| |Aum(t)| |u$m(t+!)&u$m(t)|.
(2.14)
The last term can be rewritten as
c |(Aum(t+!)&Aum(t), um(t+!)+um(t))| |Aum(t)| |u$m(t+!)&u$m(t)|.
Here and in the sequel, we denote by c a positive constant.
Using (1.1), (2.7) and Young’s inequality, it follows that
8$!m(t)c8!m(t).
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Therefore, we deduce that
8!m(t)8!m(0) exp(cT ), \t # [0, T[. (2.15)
Dividing the two sides by !2, letting !  0, and using (2.13), we deduce
that
|u"m(t)| 2+|Au$m(t)| 2|u"m(0)| 2+|Au1m | 2. (2.16)
Using (2.5) and (2.11), it follows that
|u"m(t)|+|Au$m(t)|c. (2.17)
Since um is C 2, the previous inequality is verified for all t # [0, T]. There-
fore, we conclude that
u"m is bounded in L(0, T; H). (2.18)
Au$m is bounded in L(0, T; H). (2.19)
Furthermore, we claim that
u$m is precompact in L2(0, T; H), \T>0. (2.20)
Indeed, it follows from (2.18) and (2.19) that
u$m is bounded in L2(0, T; V)
and
u"m is bounded in L2(0, T; H).
Applying a compactness theorem given in [12, Chap. 1, Theorem 5.1],
(2.20) follows.
Step 5. Passage to the limit. Applying the DunfordPettis theorem
and the Riesz lemma we conclude from (2.8), (2.10), (2.18), (2.19), and
(2.20), replacing the sequence um with a subsequence if needed, that
um ( u weak-star in L(0, T; V) (2.21)
u$m ( u$ weak-star in L(0, T; V) (2.22)
u"m ( u" weak-star in L(0, T; H) (2.23)
u$m  u$ almost everywhere in 0_[0, T] (2.24)
g(u$m) ( / weak-star in L (q+1)q(0_(0, T)) (2.25)
M( |A12um | 2) Aum (  weak-star in L(0, T; H) (2.26)
for suitable functions u # L(0, T; V),  # L(0, T; H) and
/ # L(q+1)q(0_(0, T )).
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We are going to show that u is a solution of (1.9)(1.10).
It is easy to show that u satisfies (1.10). Indeed, from (2.21)(2.23) we
deduce that
|
0
um(0)e j dx  |
0
u(0)e j dx and |
0
u$m(0)e j dx  |
0
u$(0)e j dx
for each fixed j1. Using (2.4) and (2.5), we conclude that
|
0
(u(0)&u0)e j dx=|
0
(u$(0)&u1e j dx=0, \j1.
Hence (1.10) follows.
We shall prove that, in fact, =M( |A12u| 2) Au, i.e.,
M( |A12um | 2) Aum ( M( |A12u| 2) Au weak-star in L(0, +; H).
(2.27)
For v # L2(0, T; H), we have
|
T
0
(&M( |A12u| 2) Au, v) dt
=|
T
0
(&M( |A12um | 2) Aum , v) dt
+|
T
0
M( |A12u| 2)(Aum&Au, v) dt
+|
T
0
(M( |A12um | 2)&M( |A12u| 2))(Aum , v) dt. (2.28)
We deduce from (2.26) and (2.21) that the first and second terms in (2.28)
tend to zero as m  +. For the third term, using the fact that M is C 1
and (2.7), we can write (with c positive constant)
|
T
0
(M( |A12um | 2)&M( |A12u| 2))(Aum , v)
c |
T
0
| |A12um | 2&|A12u| 2| |Aum | |v| dt
=c |
T
0
|(A(um+u), um&u)| dt
c _|
T
0
|um&u| 2 dt&
12
. (2.29)
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As (um) is bounded in L(0, T; V) (by (2.8)) and the injection of V in H
is compact, we have
um  u strongly in L2(0, T; H). (2.30)
From (2.29), (2.30) and (2.28), we deduce (2.27). It follows at once from
(2.21), (2.23), and (2.27) that for each fixed v # Lq+1(0, T; V),
|
T
0
|
0
(u"m+A2um+M( |A12um | 2) Aum)v dx dt
 |
T
0
|
0
(u"+A2u+M( |A12u| 2) Au)v dx dt (2.31)
as m  +.
It remains to show that
|
T
0
|
0
vg(u$m) dx dt  |
T
0
|
0
vg(u$) dx dt (2.32)
as m  +. It follows from (2.9) and Fatou’s lemma that u$g(u$) #
L1(0_(0, T)); this yields g(u$) # L1(0_(0, T )).
On the other hand, g(u$m)  g(u$) almost everywhere in 0_[0, T]. Let
E/0_[0, T] and set
E1 :=[(x, t) # E : | g(u$m(x, t))|[meas(E)]&12], E2 :=E"E1 .
If M(r)=inf[ |x|x # R, | g(x)|r], then we have
|
E
| g(u$m)| dx dt=|
E1
| g(u$m)| dx dt+|
E2
| g(u$m)| dx dt
|
E
| g(u$m)| dx dt[meas(E)]12
+(M([meas(E)]&12))&1 |
E2
|u$m g(u$m)| dx dt.
Applying (2.9) we deduce that supm E | g(u$m)| dx dt  0 as meas(E)  0.
From Vitali’s convergence theorem we deduce g(u$m)  g(u$) in
L1(0_(0, T)); hence (2.25) yields g(u$)=/ # L(q+1)q(0_(0, T )) and
g(u$m) ( g(u$) weak-star in L(q+1)q(0_[0, T]).
This implies (2.32).
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Hence
|
T
S
|
0
(u"+A2u+M( |A12u| 2) Au+ g(u$))v dx dt=0, \v # Lq+1(0, T; V).
Step 6. Proof of uniqueness. Let u and v be two solutions of
(1.7)(1.8) with the same initial data and set w=u&v. Then we have
0=(w"+A2w+M( |A12u| 2) Au&M( |A12v| 2) Av+ g(u$)& g(v$), w$)
0=
1
2
d
dt
[|w$| 2+|Aw| 2]+M( |A12u| 2)(Aw, w$)
+[M( |A12u| 2)&M( |A12v| 2)](Av, w$)+( g(u$)& g(v$), w$).
Using the monotonicity of g hence we conclude that
d
dt
[|w$| 2+|Aw| 2]
M( |A12u| 2) |Aw| |w$|+c | |A12u| 2&|A12v| 2| |Av| |w$|
c[M( |A12u| 2)]2 |Aw| 2+
1
2
|w$| 2+c |(Aw, u+v)| |Av| |w$|
c[M( |A12u| 2)]2 |Aw| 2+
1
2
|w$| 2+c |Av| 2 |u+v| 2 |Aw| 2+
1
2
|w$| 2
c[(M( |A12u| 2)+|Av| 2 |u+v| 2)2] |Aw| 2+|w$| 2.
Therefore, we deduce that
|w$| 2+|Aw| 2c |w$(0)| 2+|Aw0| 2, \T>0.
It follows that |w(T )|=0 for all T0, i.e., u#v.
3. PROOF OF THEOREM 1.2 (ENERGY ESTIMATE)
Let T>0 and u # W 1, (0, T; V) & W 2, (0, T; H) be a solution of
(1.7)(1.8). Multiplying (1.7) with u$, integrating by parts in 0_(S, T ),
(0S<T ), we obtain easily that
E(S)&E(T )=|
T
S
|
0
u$g(u$) dx dt, 0S<T<+. (3.1)
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Since xg(x)0 for all x # R, it follows that the energy E is non-increasing,
locally absolutely continuous and
E$(t)=&|
0
u$g(u$) dx a.e. in [0, +). (3.2)
Next, we multiply (1.7) by E ( p&1)2u, we have
0=|
T
S
E ( p&1)2 |
0
u[u"+A2u+M( |A12u| 2) Au+ g(u$)] dx dt
=_E ( p&1)2 |0 uu$ dx&
T
S
&
p&1
2 |
T
S
E ( p&3)2E$ |
0
uu$ dx dt
&|
T
S
E ( p&1)2 _ |u$| 2&|Au| 2&M( |A12u| 2) |A12u| 2&|0 ug(u$) dx& dt,
whence
2 |
T
S
E ( p+1)2(t) dt= &_E ( p&1)2 |0 uu$ dx&
T
S
+
p&1
2 |
T
S
E ( p&3)2E$ |
0
uu$ dx dt
+|
T
S
E ( p&1)2 _2 |u$| 2+M ( |A12u| 2)
&M( |A12u| 2) |A12u| 2&|0 ug(u$) dx& dt.
Using (1.3), we deduce that
2 |
T
S
E ( p+1)2(t) dt &_E ( p&1)2 |0 uu$ dx&
T
S
+
p&1
2 |
T
S
E ( p&1)2 |
0
uu$ dx dt
+|
T
S
E ( p&1)2 _2 |u$| 2&|0 ug(u$) dx& dt. (3.3)
Using the non-increasingness of E, the continuity of the imbedding V/H,
and the CauchySchwarz and the Young inequalities, we obtain that
}E ( p&1)2 |0 u$u dx }c(0) E ( p&1)2(0) |u$| &u&c(0) E(0)( p&1)2E
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and
} p&12 |
T
S
E ( p&3)2E$ |
0
u$u dx dt }c(0) E(0)( p&1)2E(S).
Using these estimates, we conclude from (3.3) that
{
2 |
T
S
E ( p+1)2 dtc(0) E(0)( p&1)2 E(S)
(3.4)
+|
T
S
E ( p&1)2 \2 |u$| 2&|0 ug(u$) dx+ dt.
Let t # R+. In order to estimate the last term of (3.4), we set
01=[x # 0 : |u$(t, x)|1] and 02=[x # 0 : |u$(t, x)|>1]. (3.5)
The Ho lder inequality yields
|
0
|u$(t, x)| 2 dxc(0) \|01 |u$(t, x)| p+1 dx+
2( p+1)
+c(0) |
02
|u$(t, x)|2 dx.
(3.6)
Using (1.9) hence we deduce that
\|01 |u$(t, x)| p+1 dx+
2( p+1)
\|01 u$g(u$) dx+
2( p+1)
c(0) |E$| 2( p+1).
Using (1.10), we obtain that
|
02
|u$(t, x)| 2 dxc(0) |
02
u$g(u$) dxc(0) |E$|.
Combining these two inequalities with (3.6), we obtain that
|
0
|u$(t, x)| 2 dxc(0) |E$| 2( p+1)+c(0) |E$|.
Applying Young’s inequality, it follows that
2 |
T
S
E ( p&1)2 |u$| 2 dt
 13 |
T
S
E ( p+1)2(t) dt+c(0)(1+E ( p&1)2(0)) E(S). (3.7)
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Combining this inequality with (3.4), we deduce that
5
3 |
T
S
E ( p+1)2 dtc(0)(1+E ( p&1)2(0)) E(S)
& |
T
S
E ( p&1)2 |
0
ug(u$) dx dt. (3.8)
It remains to estimate the last term of (3.8). Using the second inequality of
(1.9), we have
{} |01 ug(u$) dx}c(0) &u&L1+ p&1(01) &g(u$)&L1+ p(01) (3.9)c(0) E12 &u$g(u$)&1( p+1)L1(01) c(0) E 12 |E$| 1( p+1).
Similarly using V/Lq+1(0) and the inequality (1.5) we obtain that
{} |02 ug(u$) dx }c(0) &u&L1+q (02) &g(u$)&L1+q&1(02) (3.10)c(0) E 12 &u$g(u$)&1(1+q&1)L1(02) c(0) E 12 |E$| 1(1+q&1).
Finally, from (3.9) and (3.10), we deduce that
} |0 ug(u$) dx }c(0) E 12 |E$| 1( p+1)+c(0) E12 |E$|q(q+1). (3.11)
Combining (3.8) and (3.11) we deduce that
5
3 |
T
S
E ( p+1)2 dtc(0)(1+E(0)( p&1)2) E(S)
+c(0) |
T
S
(E p2 |E$| 1( p+1)+E p2 |E$|q(q+1)) dt. (3.12)
Using
E p2 |E$| q(q+1)=( |E$|q(q+1) E ( pq&1)2(q+1))(E ( p+1)2(q+1))
and Young’s inequality with exponents (q+1)q and q+1, it follows that
c(0) E p2 |E$|q(1+q)c(0) E(0)( pq&1)2q |E$|+ 13 E
( p+1)2. (3.13)
Therefore (3.12) and (3.13) yield
|
T
S
E ( p+1)2 dtc(0)(1+E(0)( pq&1)2q) E(S).
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Letting T  + we obtain that
|
+
S
E ( p+1)2 dtc(0)(1+E(0)( pq&1)2q) E(S), \S0.
Hence, we deduce from Proposition 1.3, that
E(t){c(0)(1+(E(0)
( pq&1)q( p&1)) t&2p&1,
E(0) exp(1&t#)
if p>1
if p=1
(3.14)
with
#=c(0)(1+E(0)(q&1)2q).
Now we examine the case p=1.
A simple calculation gives
E(t)1 for all tT0 :=# ln(eE(0)).
If we repeat the above computations for tT0 , taking into account the
fact that E(T0)1, we deduce that
|

S
E(t) dt
1
|
E(S), \ST0 (3.15)
with | :=12c(0). Hence, Proposition 1.3 yields
E(t)E(0) exp(’) exp(&|t), \t0;
with ’ as in (1.12).
4. APPLICATION
Let 2 be the Laplace operator in Rn. Take A=&2 with V=D(A)=
H 10(0) & H
2(0). Notice that in this case, the compactness of V in H is
the Rellich theorem. Since D(A12)=H 10(0), we have |A
12v|=|{v|, for
v # H 10(0), where { denotes the gradient operator in R
n. Choose M(s)=
:+;s, for :, ; positive constants. For any function g of the form
g(x)={sgn(x) |x|
1p
|x|q&1 x
for |x|1
for |x|1,
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with p1 and (n&2) qn+2; Theorem 1.1 establishes the existence, for
all t0, of a unique solution u of the nonlinear hyperbolic equation
u"+22u&(:+; |{u| 2) 2u+ g(u$)=0
{u(0)=u0 , u$(0)=u1 (4.1)u # H 10(0).
Theorem 1.2 establishes precise estimates of the energy
E(t)=
1
2 _ |u$| 2+|2u| 2+: |{u| 2+
;
2
|{u| 4& (4.2)
of the system (4.1).
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